We investigate the use of effective Lagrangians to describe the effects on highprecision observables of physics beyond the Standard Model. Using the anomalous magnetic moment of the muon as an example, we detail the use of effective vertices in loop calculations. We then provide estimates of the sensitivity of new experiments measuring the muon's g − 2 to the scale of physics underlying the Standard Model.
Introduction
One of the time-honored methods of probing physics beyond the known realm is to perform highly accurate measurements of precisely predicted observables.
Rather than observing new particles directly we infer their existence from the effects they have on known particles; interactions unexplainable within the framework of the accepted theory (which in our case is the Standard Model) imply new physics.
This type of experiment, by its very nature, cannot unambiguously discriminate among the manifold possible models which extend the Standard Model to higher energies; there may be several competing models which affect measured quantities in the same way, but no observable to which only one of the models contributes.
Faced with this situation it becomes questionable to try to understand the low energy effects of new physics on a model-by-model basis. The best approach is to follow a characterization which is sufficiently general to encompass all types of high-energy physics. Such a characterization is readily available in an effectivelagrangian approach [1, 2] which has recently been advocated [3, 4, 5] as a modeland process-independent parameterization of deviations from the Standard Model.
The effective-lagrangian method should be contrasted with an approach in which a given model (or set of models) extending the Standard Model is chosen, and the effects on low energy observables are calculated. The specific model approach determines all corrections to the Standard Model in terms of a few couplings and masses. The effective-lagrangian approach parametrizes its predictions in terms of the coefficients of effective operators. Therefore we are faced with a trade off: the requirement of model independence increases the number of unknown parameters whose order of magnitude can at best be estimated. The results of the effective lagrangian approach are very useful in determining, in a model-independent manner, the sensitivity of a given experiment to new physics, and can be used to isolate those observables most sensitive to possible new interactions.
The basic idea of the method is that processes below some energy Λ can be described by effective operators consisting of fields with masses below Λ. From these operators we hope to infer the existence of particles with masses above Λ.
Thus, so long as we are below all new particle thresholds, any type of new physics can be parametrized by a series of effective operators involving Standard Model particles. It is important to note that any given model will produce operators which respect the (exact) symmetries of the Standard Model and that the best we can hope for from high precision measurements are statements regarding the coefficients of these operators. The underlying physics is described by a high-energy lagrangian, out of which all excitations with masses above ∼ 100 GeV (which we label "heavy") are integrated out; what remains will be the Standard Model, plus an infinite series of effective operators. These must be gauge-invariant [4] #1 and describe the lowenergy remnants of the full high-energy theory. We will denote by Λ the (large) energy scale at which the new physics first directly manifests itself.
There are two possible types of high-energy physics to consider, that which decouples from low-energy physics and that which does not. In the decoupling scenario, the masses of heavy degrees of freedom are large because a dimension-#1 This is not a trivial result: its derivation requires the introduction of a gauge fixing technique which produces a manifestly gauge invariant effective action [6] .
ful parameter respecting the symmetries of the theory is large. In this case the decoupling theorem [1] tells us that at energies E ≪ Λ corrections to the lowenergy theory are suppressed by powers of 1 Λ (times possible powers of ln Λ). In the non-decoupling case, the masses of the heavy degrees of freedom in the theory are large because some dimensionless coupling constant is large. An example of this is a heavy fermion which gets its mass from spontaneous symmetry breaking and becomes heavy due to a relatively large Yukawa coupling. #2 In this case the contributions due to physics above Λ need not be suppressed by powers of 1 Λ ; the corrections to Standard Model processes are given by a chiral expansion in powers of p/Λ, where p is a typical momentum for the process at hand [7] .
The application of effective-lagrangian techniques to the case of high precision measurements contains a new complication, for the effective vertices can appear within loops and thereby produce new divergences. But the effective lagrangian is completely renormalizable -power counting arguments similar to those involved in proofs of renormalizability show that all divergences multiply local operators.
Since the effective lagrangian includes all operators respecting the symmetries of the theory, such divergences simply renormalize the bare coupling constants.
#3
Their only effect (associated with the logarithmic divergences) is to determine the renormalization-group running of the effective couplings. This is a well known fact and has been applied in the context of the strong interactions [8] .
We will develop and apply the techniques of effective lagrangians using the anomalous magnetic moment of the muon as an example. This is an especially in-
#2
The coupling may still be within the perturbative regime. #3 Note that this does not require that the underlying theory be renormalizable.
teresting observable because the Brookhaven experiment AGS 821 [9] is expected to achieve a precision greater than that required to observe the Standard Model contributions. The best present measurement of a µ comes from a series of experiments at CERN [10] :
The calculated effects on a µ of weak interactions are [11] :
too small to be seen in the CERN experiment, but well within the projected accuracy of the AGS experiment, which should measure a µ with an accuracy of 4 × 10 −10 .
Several authors [12] have considered the effects on a µ of gauge-boson anomalous magnetic dipole and electric quadrupole moments. We will re-examine this problem using the effective-lagrangian formalism to discuss the effects of high-energy physics on these constants and will examine the previous results from this point of view.
Regardless of whether or not the heavy excitations decouple, the contributions to a µ produced by the underlying interactions can be classified in three types:
produced by loops containing the effective operators.
δa µ 2 : produced by the modification of the gauge boson eigenstates.
δa µ direct : produced by effective operators of the typeμσ µν µF µν .
3)
The contribution δa µ 2 is due to the fact that the new interactions modify the quadratic part of the lagrangian, so that a re-diagonalization of these terms is required. We will consistently use this classification below.
Decoupling case
As mentioned above, in the decoupling scenario the low-energy effective lagrangian can be written as a power series in 1/Λ, nonetheless, their order of magnitude can be estimated [7] .
The determination of the contribution to a µ from dimension-six operators is simplified by the constraint that these operators must be gauge invariant. Additionally, we may use the classical equations of motion to remove some redundant operators [13] . Buchmüller and Wyler [14] have compiled a list of all possible gauge-invariant terms (assuming lepton and baryon number conservation) in an effective lagrangian to order 1/Λ 2 . They find that there are no dimension five operators and 81 operators of dimension six (for a single fermion family).
In determining δa µ 1,2 (see (1.3)) we will not treat all dimension six operators, but will instead focus on those operators which give rise to anomalous three-gaugeboson or two-gauge-boson-Higgs couplings, and thereby to anomalous gauge-boson dipole and electric quadrupole moments. There are four such operators in [14] We must also consider the two operators which can give a direct contribution to δa µ : Our effective low-energy bare lagrangian will therefore be
The above parameterization in terms of the α O is not standard in the literature, where the description of L eff in terms of parameters frequently called κ and λ are used [15] . We will see that α W is proportional to λ, and α W B to (κ − 1).
When we replace φ by
, the effects of O φW and O φB on a µ are not observable.
They can be absorbed into a wave function renormalization of B and W , together with a rescaling of the constants g and g ′ , and will not be considered further. These two operators therefore only contribute to a µ through figure 1 (b) and (c).
As mentioned previously we do not know the full theory, and so we cannot compute the six α's, but we can estimate their sizes. It can be shown 16 [16] that, because of the SU(2)xU(1) symmetry of the high-energy theory, the six operators must come from some loop in the full theory with heavy internal lines. This implies that any W or B must be accompanied by the corresponding coupling g or g ′ . Moreover the fact that these operators are generated by loop graphs implies that the corresponding α must contain a factor ∼ 1/16π 2 . In this fashion we obtain (for the constants at scale Λ)
While we can't expect these expressions to be numerically precise, we can use them as useful order of magnitude estimates. One should, however, be aware of the possibility that there may be several such contributions or resonant effects that may enhance these estimates, perhaps by as much as an order of magnitude; on the other hand, the presence of small couplings in the underlying theory can suppress these values below the ones in (2.5). Moreover, there may even be additional suppression factors of 1/16π 2 , since certain couplings may arise only beyond the one-loop level in the underlying theory, e.g., the contribution of a fourth generation to α µW and α µB sets in at the two-loop level. Thus, the inferences to be drawn on the sensitivity to the scale Λ must be interpreted in this context and not immediately identified with the threshold for new particle production.
It might be argued that the coefficients α µW,B should have a factor of m µ /v to allow for a natural mass generation for the muon. In fact, this is not necessarily the case. Supersymmetric models can substitute for m µ /v a factor of mZ/v, for example.
#4 Also without this factor are models constructed so as to allow a relatively large magnetic moment for the neutrinos while keeping their mass within experimental bounds. [17] . However, models which to not contain the m µ /v suppression are likely to render the muon mass unnaturally light. We shall present results both including and disregarding this small factor.
#4 This is not required, though -many supergravity-inspired SUSY models avoid this.
When φ is replaced by its vacuum expectation value, then 6) which contributes to the quadratic part of the lagrangian. This necessitates a re-diagonalization of the boson fields (see [14] )
where s w and c w are the sine and cosine of the tree-level weak mixing angle in the Standard Model. This leads to certain modifications of the Standard-Model parameters which we reproduce for completeness [14] e → e * = e 1 − s w c w α
We will use e * , M * Z , and G * F as our input parameters; for example, it is M * Z that is measured to be 91.2 GeV, not M Z .
The Standard Model electroweak one loop contribution to a µ is [11] 
The change in the values of M Z and the Zµμ couplings results in a change in a µ ;
the anomalous magnetic moment calculated with the shifted fields (2.7) minus the standard model result (2.9) is equal to δa µ 2 .
The inclusion of effective vertices in loop graphs requires a certain amount of care: it is assumed from the beginning that all momenta in (2.4) lie below Λ, and this is violated by the loop momentum in figure 1. To deal with this problem, note that when the graphs in figure 1 are differentiated once with respect to an external momentum, they become ultraviolet convergent, and so the momenta entering the heavy loop can be effectively assumed to be small compared to Λ; then the use of (2.4) is justified. Integrating with respect to the above external momentum produces an undetermined integration constant times a "direct" operator O µW or O µB . We expect that for scales µ = Λ this term will give a contribution of the same order of magnitude as δa µ 1 . In this manner, using the above expressions (and calculating in the Feynman gauge with dimensional regularization) we obtain from (2.4) 10) where m h is the mass of the higgs, µ is the renormalization scale, γ is Euler's constant, and the dimension of space-time is 4 − 2ǫ. We have broken δa µ 1 into three parts, one from each diagram in figure 1. To this order in Λ, the starred and unstarred parameters in (2.10) are equal. As mentioned above, the divergences are unobservable; the infinite contributions from the graphs in figure 1 are cancelled by counterterms of the form of α µB and α µW .
The complete expression for the new physics contribution to a µ is given by the sum of the five contributions in (2.10). We will assume that the renormalization of the dimension six operators has been carried out using MS [18] We find numerically that
where Λ is to be expressed in TeV. Then, taking the estimates for the couplings given in (2.5), we obtain
where all masses are measured in TeV and the ± refers to the relative signs of the various α's. m h has been set to 150 GeV (the dependence on m h is slight).
This equation shows that that the CERN and Brookhaven experiments are both completely insensitive to Λ above the Z mass for our estimates of α W and α W B .
To reach a bound which is at all interesting, say Λ = 200 GeV, would require the α's to be about ten times larger than expected. To reach Λ = 1 TeV would require the α's to be about 100 times larger than expected, an unlikely occurrence in our opinion.
These discouraging results do not apply to δa µ direct which (assuming no strong cancellation between the two terms) takes the value δa µ direct ∼ 9 × 10 −7 Λ 2 (2.13) (Λ in TeV) which is about six orders of magnitude larger than the contributions in (2.12). This is because (2.12) contains a factor m µ /(16π 2 v) ∼ 10 −6 due to the loop integration and the helicity change of the muon. Eq. (2.13) allows a sensitivity limit of Λ ∼ < 50 TeV for the Brookhaven experiment; effects from scales beyond this value will not be observed. In fact the CERN experiment already implies a bound Λ ∼ > 10 TeV.
If the previously mentioned factor of m µ /v is included in α µW,B , the above estimate decreases to δa µ direct ∼ 4 × 10 −10 /Λ 2 . The sensitivity is accordingly diminished to Λ ∼ < 1 TeV for the Brookhaven experiment, while the CERN data implies only that Λ ∼ > 0.2 TeV.
The suggestion here is that, if Λ is of the order of the weak scale, these effects may be as large as the Standard Model electroweak contributions. SUSY models #5 exemplify that possibility. Nevertheless, these limits, as we mentioned previously, must be cautiously interpreted, since, in other models, small coupling constants or resonances in the underlying theory can alter these limits on Λ by an order or magnitude or more. It is important to note, however, that even if an effect is seen in the Brookhaven experiment, it will not be produced by any modification of the "anomalous" three-gauge-boson couplings: δa µ 1 +δa µ 2 would produce a measurable effect only for scales of a few GeV, corresponding to a region already probed by LEP, Fermilab and many other previous experiments [19] , which found no evidence of new physics.
Non-decoupling case
We now turn our attention to the possibility that physics above the scale Λ does not decouple from the low-energy physics. In this case the appropriate expansion of the effective lagrangian is in powers of momentum. We will assume here that the particle spectrum is the same as the Standard Model's with the exception of the Higgs, so that the effective lagrangian can be written as a gauged chiral model [8, 20, 21] . In this model we expect that Λ ∼ 4πv [20] , and that, for energies small compared to Λ, the first terms in the expansion will provide a good approximation [7] . Specifically, if
then lowest order kinetic terms in the effective lagrangian are [5] 
where we have adopted the matrix notation There are six new SU(2) L × U(1) Y operators which are of chiral dimension four or lower and contain quadratic or trilinear gauge vertices [21] . The only term of chiral dimension two is
and the five of order [mass] 4 are
The numbering system, prefactors and signs are adapted from those of Ref. 21 . β 1 corresponds to L 10 of Ref. 8 , β 2 and β 3 to L 9 of that same reference. β ′ 1 is denoted ∆ ρ in [5] .
As in the decoupling case, except for L ′ 1 , the naive order of magnitude estimate of each β is v 2 /Λ 2 ≃ 1/16π 2 [7] . The β's may be larger than expected, for example in technicolor theories, where they are enhanced by the numbers of generations and technicolors [5] , or if enhanced by a low-lying resonance. β ′ 1 , though a priori of order 1, violates the approximate SU(2) R , and can be limited by mea-
, which, coincidentally, is of the same magnitude as 1/16π 2 .
#6
Just as in the last section we must also include the operators (2.3) which give a direct tree-level correction to a µ , namely
The β's in the direct terms are expected to be of order 1/4π. We will consider separately the cases where β µW,B are decreased by a factor m µ /Λ. Our complete effective lagrangian is then given by expressions (3.2) through (3.5).
We look first at the direct terms. A quick calculation shows them to be
As in the decoupling case, there will be contributions to δa µ from three-boson vertices and from two-boson vertices; L ′ 1 , L 1 , and L 8 have bilinear terms, and all but L ′ 1 have trilinear terms. We first consider the trilinear terms. To this order in the expansion of L eff there is no contribution like α W since O W has chiral #6 Once the top mass is known, the error on ρ will be reduced to a few tenths of a per cent.
dimension six. We can see by comparison that the contributions from β 1 , β 2 , β 3 , β 8 , and β 9 are all proportional to the α W B term of the decoupling lagrangian so that we need only make the replacement
and, therefore (using MS subtraction and taking v as the renormalization scale)
The ultraviolet divergence is, as in the decoupling case, non-observable and has been cancelled by the appropriate counterterms in L µW + L µB .
Next we must consider the effect of the terms quadratic in gauge bosons on δa µ . The quadratic part of the gauge-boson lagrangian is
This requires the re-diagonalization
These expressions lead to the redefinitions
while G F and M W remain unchanged.
As in the previous case the above expressions produce a new term in the Standard Model contribution to a µ due to the modification in M Z and the Zμµ couplings, which in turn modify a µ . A straightforward calculation gives
The total change in a µ is again given by the sum δa µ direct + δa µ 1 + δa µ 2 , where these quantities are given in (3.6), (3.8) and (3.12) respectively. Numerically |δa µ 1 + δa µ 2 | ∼ < 6 × 10 −10 depending on the relative signs of the β i . The direct contribution is restricted to |δa µ direct | ∼ < 10 −4 if no factor of m µ /Λ appears in β µB,W , or |δa µ direct | ∼ < 3 × 10 −9 if this factor is present.
We see then that the situation here is marginally different from the decoupling case: if the β i all conspire to suppress the direct contribution and enhance (by a factor of two or so) δa µ 1 + δa µ 2 , then the Brookhaven experiment may be sensitive to the effects of an anomalous triple-gauge-boson vertex. On the other hand, if we assume no significant cancellations between the β i and no unexpected enhancement of these coefficients, then the main contribution to δa µ comes from δa µ direct , just as in the decoupling case, while the other contributions are unobservable. In this case, current CERN data implies a very strong suppression of the direct contributions which can be interpreted naturally as evidence for the factor m µ /Λ in β µB,W ; when this is included the contribution from these terms lies below the sensitivity of the existing data (but well inside that of the Brookhaven experiment). We can conclude that, if the non-decoupling case is realized in nature, the "direct" contributions must be suppressed by a m µ /Λ factor and that the Brookhaven experiment will either observe them or set interesting limits, implying that these contributions are further diminished (for example, by arising only at two-loops).
The discussion above includes the α W B (or, in the conventional notation #7 κ − 1,) piece of the triple-gauge-boson vertex. The α W (or λ, in the conventional notation) part is unchanged from the decoupling case and is therefore probably unobservable.
Comparison to other results
Several authors [12, 21] have considered the effects of high-energy physics on the anomalous moments of the W. In this section we compare these results with ours in the decoupling scenario.
In our notation the effects considered in [12, 21] are described by the replace-
all other α O are ignored. The constants λ and κ are related to the magnetic dipole and electric quadrupole moments of the W by
Note that our previous arguments imply that, taking the most benign case where Λ = v, the natural scale for these constants is |κ−1| ∼ 3×10 −3 and |λ| ∼ 2×10 −3 .
With this proviso, the results obtained in [12, 21] coincide with δa µ 1 in (2.10).
#7 See next section for the notational relations.
Conclusions
We have described the formalism of loop calculations for effective-lagrangian models, using a µ as an example. The philosophy of our approach differs markedly from the one used in several other publications [12] , and this translates into different conclusions. Firstly, we note that any divergence obtained in using an effective lagrangian is unobservable since it will always be cancelled by appropriate counterterms appearing in other operators in L eff . The only remnant of these divergences concerns the logarithmic ones which specify the renormalization group flow of the couplings due to the light fields. It is only in this sense that the logarithms in (2.10) are observable. Stronger divergences (quadratic or quartic) are completely unobservable; this argument contrasts with several other opinions [23] . Related to this issue is the constraint of gauge invariance; this allowed us to use a gauge-preserving regularization where divergences higher than logarithmic are automatically (and consistently!) disregarded.
Secondly, it is important to note that the magnitudes of the dimensionful coefficients reflect assumptions regarding the scale at which new physics will become apparent. For example if we require λ ∼ 1, this implies a scale of ∼ 10 GeV which is obviously irrelevant; similar results hold if |κ − 1| ∼ 1. It is important to note that the scale Λ in the logarithms and the one multiplying the prefactors must be the same (required by consistency) and the observability limits cannot ignore this fact.
These conclusions apply independently of the nature of the physics beyond the Standard Model, whether confining or weak. For example, in the approach advocated in this paper, the statement that λ = O(1) in a composite model is untenable.
Finally we remark on the estimates we used for the couplings. In the decoupling case we have assumed that each gauge boson is associated with a coupling constant g or g ′ and that, since all the operators have dimension larger than 4, they represent the low energy limit of a series of loop diagrams; this relies to a certain extent on perturbation theory. But in the case where the underlying physics does not lie in the perturbative regime we can borrow the arguments used in the chiral approach to the strong interactions [7] , which lead to similar results. The non-decoupling case again closely parallels QCD, and we use the corresponding arguments. If the factors of 1/16π 2 in our estimates are ignored, the magnitude of the contributions increases about two orders of magnitude and the conclusions are markedly altered.
Since we have no reason to suppose such an anomalously large value for the α O or the β i we have not considered this possibility.
Effective lagrangians can be used to calculate observables in a loop expansion.
Among other things, these loop contributions modify the direct terms, contributing to the β-functions for α µW and α µB . Whether these "direct" terms are larger than suggested by operator mixing is model dependent, as we discussed followed Eq. (2.5). Taken at face value, in the decoupling case, the BNL experiment will push the limits on Λ from their present value of 200 GeV up to about 1 T eV.
However, it may well be that the relevant threshold associated with new physics is much lower than Λ, depending on the nature of the underlying theory. In the non-decoupling case, the Brookhaven experiment should again be sensitive to the underlying physics whose effects should be apparent at scales of order v. In the decoupling case, certain models ( [17] , SUSY) illustrate the possibility that the direct couplings are not suppressed by a m µ /Λ factor (an unlikely possibility for the non-decoupling scenario in view of the CERN data) in which case the sensitivity of the Brookhaven experiment is increased to Λ ∼ 50 TeV. For both situations however, the measurements of a µ will not be sensitive (or at best marginally so)
to anomalous triple-gauge-boson vertices.
After this manuscript was completed we became aware of Ref. 24 , in which many of the points of principle discussed above are also addressed.
